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06 Homogeneous nearly Kähler manifolds
Jean-Baptiste Butruille
Abstrat
We lassify six-dimensional homogeneous nearly Kähler manifolds and
give a positive answer to Gray and Wolf's onjeture: every homogeneous
nearly Kähler manifold is a Riemannian 3-symmetri spae equipped with
its anonial almost Hermitian struture. The only four examples in di-
mension 6 are S
3
×S
3
, the omplex projetive spae CP
3
, the ag manifold
F
3
and the sphere S
6
. We develop, about eah of these spaes, a distint
aspet of nearly Kähler geometry and make in the same time a sharp
desription of its spei homogeneous struture.
Introdution
Probably the rst example known of a nearly Kähler manifold is the round
sphere in dimension 6, equipped with its well-known non integrable almost om-
plex struture, introdued in [21℄. The resulting almost Hermitian struture is
invariant for the ation of G2 on S
6
oming from the otonions (we look at S6
as the unit sphere in the imaginary set ℑ ⊂ O). Thus S6 ≃ G2/SU(3) is an
example of a 6-dimensional homogeneous nearly Kähler manifold as we onsider
in the present artile. Notie also that the representation of SU(3) on the tan-
gent spaes  the isotropy representation  is irreduible. Then, Joseph A. Wolf
in his book Spaes of onstant urvature [45℄, disovered a lass of isotropy irre-
duible homogeneous spaes G/H that generalizes S6. Indeed, G is a ompat
Lie group and H , a maximal onneted subgroup, entralizing an element of
order 3. Further in this way, Wolf and Gray [45℄ investigated the homogeneous
spaes dened by Lie group automorphisms i.e. suh that H is the xed point
set of some s : G → G. They asked the following question : whih of these
spaes admit an invariant almost Hermitian struture with good properties ?
In partiular, nearly Kähler manifolds are assoiated, through their work, to
a type of homogeneous spaes  the 3-symmetri spaes  orresponding to s
of order 3. Sine their study was quite general, they felt legitimate to make a
onjeture, whih I reformulated using the terminology of the later artile [24℄
by Gray alone:
Conjeture 1 (Gray and Wolf). Every nearly Kähler homogeneous manifold
is a 3-symmetri spae equipped with its anonial almost omplex struture.
Another way to onstrut examples is by twistor theory. The twistor spae Z
of a self-dual 4-manifold has a natural omplex struture by [2℄ but also, a non
1
integrable almost omplex struture (see [16℄). The latter may be ompleted
into a nearly Kähler struture when the base is furthermore Einstein, with
positive salar urvature. The same onstrution holds for the twistor spaes of
the positive quaternion-Kähler manifolds (see [1, 35℄) or of ertain symmetri
spaes (as explained for instane in [40℄). In this ase Z is a 3-symmetri spae
again.
Next, in the 70's [22, 25℄ and more reently (we mention, as a very inomplete
list of referenes on the topi: [38, 6, 35℄ and [36℄), nearly Kähler manifolds have
been studied for themselves. Some very interesting properties were disovered,
espeially in dimension 6, that give them a entral role in the study of speial
geometries with torsion. These properties an all be interpreted in the setting
of weak holonomy. Nearly Kähler 6-dimensional manifolds are otherwise alled
weak holonomy SU(3). Many denitions of this notion have been proposed.
One is by spinors [4℄ ; others by dierential forms [41, 9℄ ; the original one by
Gray [23℄ was found inorret (see [3℄). Finally, Cleyton and Swann [14, 15℄ have
explored theirs based on the torsion of the anonial onnetion of a G-struture.
They lead to a theorem whih an be applied to our problem to show that
nearly Kähler manifolds whose anonial onnetion has irreduible holonomy
are either 3-symmetri or 6-dimensional. This onstitutes an advane towards
and gives a new reason to believe to Gray and Wolf's onjeture. However,
dimension 6 still resists. Moreover, when the holonomy is reduible, we do not
have of a de Rham-like theorem, like in the torsion-free situation. It was Nagy's
main ontribution to this issue, to show that we an always lead bak, in this
ase, to the twistor situation. Using this, he was able to redue onjeture 1 to
dimension 6.
This is where we resume his work. We lassify 6-dimensional nearly Kähler
homogeneous spaes and show that they are all 3-symmetri.
Theorem 1. Nearly Kähler, 6-dimensional, Riemannian homogeneous mani-
folds are isomorphi to a nite quotient of G/H where the groups G, H are
given in the list:
 G = SU(2)× SU(2) and H = {1}
 G = G2 and H = SU(3). In this ase G/H is the round 6-sphere.
 G = Sp(2) and H = SU(2)U(1). Then, G/H ≃ CP 3, the 3-dimensional
omplex projetive spae.
 G = SU(3), H = U(1)× U(1) and G/H is the spae of ags of C3.
Eah of these spaes, S3×S3, S6, CP 3 and F3, arry a unique invariant nearly
Kähler struture, up to homothety.
As a orollary,
Theorem 2. Conjeture 1 is true in dimension 6 and thus, by the work of
Nagy, in all (even) dimensions.
2
The proof is systemati. We start (proposition 5.1) by making a list of
the pairs (G,H) suh that G/H is likely, for topologial reasons, to admit an
invariant nearly Kähler struture. The homogeneous spaes that appear in this
list are the four ompat 6-dimensional examples of 3-symmetri spaes found
in [45℄. Then, we show, for eah spae, that there exists no other homogeneous
nearly Kähler struture than the anonial almost omplex struture on it.
As a onsequene, this artile is mainly foused on examples. However, the
four spaes in question are quite representative of a number of features in nearly
Kähler geometry. Thus, it might be read as a sort of survey on the topi (though
very dierent from the one written by Nagy in the same handbook). Setion
2 ontains the most diult point in the proof of theorem 1. We look for left-
invariant nearly Kähler strutures on S3×S3. For this we had to use the algebra
of dierential forms on the manifold, nearly Kähler manifolds in dimension 6
being haraterized, by the work of Reyes-Carrión [38℄ or Hithin [31℄, by a
dierential system on the anonial SU(3)-struture. Setion 3 is devoted to
two homogeneous spaes CP 3 and F3 that are the twistor spaes of two 4-
dimensional manifolds: respetively S4 and CP 2. We take the opportunity to
speify the relation between nearly Kähler geometry and twistor theory. Weak
holonomy stands in the bakground of setion 4 on the 6-sphere. Indeed, we
may derive this notion from that of speial holonomy trough the onstrution
of the Riemannian one. Six-dimensional nearly Kähler  or weak holonomy
SU(3)  strutures on S6 are in one-to-one orrespondane with onstant 3-
forms, induing a redution of the holonomy to G2 on R
7
. Finally, in setion
1, we introdue the notions and speak of 3-symmetri spaes in general and in
setion 5, we provide the missing elements for the proof of theorems 1 and 2.
We should mention here the remaining onjeture on nearly Kähler mani-
folds:
Conjeture 2. Every ompat nearly Kähler manifold is a 3-symmetri spae.
That this onjeture is still open means in partiular that the homogeneous
spaes presented along this artile are the only known ompat (or equivalently,
omplete) examples in dimension 6. Again by the work of Nagy [36℄, it may be
separated in two restrited onjetures. The rst one relates to a similar onje-
ture on quaternion-Kähler manifolds and symmetri spaes, for whih there are
many reasons to believe that it is true (to begin with, it was solved by Poon and
Salamon [37℄ in dimension 8 and reently by Haydeé and Rafael Herrera [28℄ in
dimension 12). The seond may be formulated: the only ompat, simply on-
neted, irreduible (with respet to the holonomy of the intrinsi onnetion),
6-dimensional, nearly Kähler manifold is the sphere S6  and onerns the ore
of the nearly Kähler geometry: the fundamental explanation of the rareness of
suh manifolds or the diulty to produe non-homogeneous examples.
3
1 Preliminaries: nearly Kähler manifolds and 3-
symmetri spaes
Nearly Kähler manifolds are a type of almost Hermitian manifolds i.e. 2n-
dimensional real manifolds with a U(n)-struture (a U(n)-redution of the frame
bundle) or equivalently, with a pair of tensors (g, J) or (g, ω), where g is a
Riemannian metri, J an almost omplex struture ompatible with g in the
sense that
∀X,Y ∈ TM, g(JX, JY ) = g(X,Y )
(J is orthogonal with respet to g pointwise) and ω is a dierential 2-form,
alled the Kähler form, related to g, J by
∀X,Y ∈ TM, ω(X,Y ) = g(JX, Y )
Assoiated with g there is the well-known Levi-Civita onnetion, ∇, met-
ri preserving and torsion-free. But nearly Kähler manifolds, as every almost
Hermitian manifolds, have another natural onnetion ∇, alled the intrinsi
onnetion or the anonial Hermitian onnetion, whih shall be of onsider-
able importane in the sequel. Let so(M) be the bundle of skew-symmetri
endomorphisms of the tangent spaes (the adjoint bundle of the metri stru-
ture). The set of metri onnetions of (M, g) is an ane spae SO modelled
on the spae of setions of T ∗M ⊗ so(M). Then, the set U of Hermitian onne-
tions (i.e. onnetions whih preserve both the metri and the almost omplex
struture or the Kähler form) is an ane subspae of SO with vetor spae
Γ(T ∗M ⊗ u(M)), where u(M) is the subbundle of so(M) formed by the endo-
morphisms whih ommute with J (or in other words, the adjoint bundle of the
U(n)-struture). Finally, we denote by u(M)⊥ the orthogonal omplement of
u(M) in so(M), identied with the bundle of skew-symmetri endomorphisms
of TM , anti-ommuting with J .
Denition 1.1. The anonial Hermitian onnetion ∇ is the projetion of
∇ ∈ SO on U . Equivalently, it is the unique Hermitian onnetion suh that
∇−∇ is a 1-form with values in u(M)⊥.
The dierene η = ∇−∇ is known expliitely:
∀X ∈ TM, ηX = 1
2
J ◦ (∇XJ)
It measures the failure of the U(n)-struture to admit a torsion-free onnetion,
in other words its torsion or its 1-jet (see [12℄). Thus, it an be used (or
∇ω, or ∇J) to lassify almost Hermitian manifolds as in [26℄. For example,
Kähler manifolds are dened by ∇ itself being a Hermitian onnetion: ∇ = ∇.
Equivalently, beause η determines dω and the Nijenhuis tensor N , ω is losed
and J is integrable.
Denition 1.2. Let M be an almost Hermitian manifold. The following on-
ditions are equivalent and dene a nearly Kähler manifold:
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(i) the torsion of ∇ is totally skew-symmetri.
(ii) ∀X ∈ TM , (∇XJ)X = 0
(iii) ∀X ∈ TM , ∇Xω = 13 ιXdω
(iv) dω is of type (3,0)+(0,3) and N is totally skew-symmetri.
The following result, due to Kirihenko [32℄, is the base of the partial las-
siation by Nagy in [36℄ of nearly Kähler manifolds.
Proposition 1.3 (Kirihenko). For a nearly Kähler manifold, the torsion of
the intrinsi onnetion is totally skew-symmetri (by denition) and parallel:
∇η = 0
Moreover, this is equivalent to∇∇ω = 0 or∇dω = 0 beause∇ is Hermitian.
Now, suppose that the urvature of ∇ is also parallel: ∇R = 0. Then,
M is loally homogeneous or an Ambrose-Singer manifold. Besides, the asso-
iated innitesimal model is always regular (for a denition of these notions,
see [15℄, iting [42℄) and thus, if it is simply onneted, M is an homogeneous
spae. Examples obtained in this way belong to a partiular lass of homo-
geneous manifolds: the 3-symmetri spaes, dened by Gray [24℄, whih shall
interest us in the rest of this setion. As expeted, the 3-symmetri spaes are
a generalization of the well-known symmetri spaes:
Denition 1.4. A 3-symmetri spae is a homogeneous spaeM = G/H, where
G has an automorphism s of order 3 (instead of an involution, for a symmetri
spae) suh that
Gs0 ⊂ H ⊂ Gs (1)
where Gs = {g ∈ G | s(g) = g} is the xed points set of s and Gs0 is the identity
omponent of Gs.
Let g, h be the Lie algebras of G, H , respetively. For a symmetri spae,
the eigenspae m for the eigenvalue −1 of ds : g → g (the derivative of s) is
an Ad(H)-invariant omplement of h in g, so that symmetri spaes are always
redutive. Conversely, for a redutive homogeneous spae, we dene an endor-
morphism f of g by f |h = Id|h and f |m = −Id|m, whih integrates into a Lie
group automorphism of G if and only if
[m,m] ⊂ h (2)
For a 3-symmetri spae, things are slightly more ompliated beause ds
has now three eigenvalues, 1, j = − 12 + i
√
3
2 and j
2 = j¯ = − 12 − i
√
3
2 , two of
whih are omplex. The orresponding eigenspaes deomposition is
gC = hC ⊕mj ⊕mj2 .
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Setting m = (mj ⊕mj2) ∩ g, we get
g = h⊕m, Ad(H)m ⊂ m (3)
so 3-symmetri spaes are also redutive. As a onsequene, invariant tensors,
for the left ation of G onM , are represented by onstant, Ad(H)-invariant ten-
sors on m. For example, an invariant almost omplex struture is identied, rst
with the subbundle T+M ⊂ TCM of (1,0)-vetors, then with a deomposition
mC = m+ ⊕m− where Ad(H)m+ ⊂ m+ and m− = m+. (4)
Denition 1.5. The anonial almost omplex struture of a 3-symmetri spae
is the invariant almost omplex struture assoiated to mj ⊕mj2 .
In other words, the restrition ds : m → m represents an invariant tensor S
of M satisfying:
(i) S3 = Id.
(ii) For all x ∈M , 1 is not an eigenvalue of Sx.
One an then write S as for a (non trivial) third root of unity:
S = −1
2
Id+
√
3
2
J (5)
where J is the anonial almost omplex struture of M .
Similarly, an Ad(H)-invariant salar produt g on m denes an invariant
metri on M , also denoted by g, and the pair (M, g) is alled a Riemannian
3-symmetri spae if and only g, J are ompatible.
Conversely a deomposition like (4) omes from an automorphism of order
3 if and only if h, m+, m− satisfy
[m+,m+] ⊂ m−, [m−,m−] ⊂ m+ and [m+,m−] ⊂ hC. (6)
instead of (2). Now, onditions involving the Lie braket might be interpreted,
on a redutive homogeneous spae, as onditions on the torsion and the urva-
ture of the normal onnetion ∇̂. The latter is dened as the H-onnetion on
G whose horizontal distribution is G×m ⊂ TG ≃ G× g.
Lemma 1.6. The torsion T̂ and the urvature R̂ of the normal onnetion ∇̂,
viewed as onstant tensors, are respetively the m-valued 2-form and the h-valued
2-form on m given by
∀X,Y ∈ m, T̂ (X,Y ) = −[X,Y ]m, R̂X,Y = [X,Y ]h
Proposition 1.7. A redutive almost Hermitian homogeneous spae M = G/H
is a 3-symmetri spae if and only if it is quasi-Kähler and the intrinsi on-
netion ∇ oïnides with ∇̂.
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An almost Hermitian manifold is said quasi-Kähler or (2,1)-sympleti i
dω has type (3,0)+(0,3) or equivalently η (or ∇J) is a setion of Λ1⊗ u(M)⊥ ∩
[[λ2,0]]⊗TM where [[λ2,0]] ⊂ Λ2 is the bundle of real 2-forms of type (2,0)+(0,2).
Proof. By lemma 1.6, (6) is equivalent to
T̂ (m+,m+) ⊂ m−, T̂ (m−,m−) ⊂ m+, T̂ (m+,m−) = {0}
R̂(m+,m+) = R̂(m−,m−) = {0}
The rst line implies that η̂ = ∇− ∇̂ ∈ Λ1 ⊗ u(M)⊥ (for a metri onnetion,
the torsion and the dierene with the Levi-Civita onnetion are in one-to-
one orrespondane), i.e. ∇̂ is the anonial Hermitian onnetion. It also
implies that η = η̂ ∈ [[λ2,0]] ⊗ TM (note that the bundles u(M)⊥ ≃ [[λ2,0]] are
isomorphi through the operation of raising, or lowering, indies). The seond
line is automatially satised for a quasi-Kähler manifold, see [17℄.
There is also a loal version of proposition 1.7, announed in the middle of
this setion.
Theorem 1.8. An almost Hermitian manifold M is loally 3-symmetri if and
only if it is quasi-Kähler and the torsion and the urvature of the intrinsi
onnetion ∇ satisfy
∇T = 0 and ∇R = 0
The denition of a loally 3-symmetri spae given in [24℄ relates to the
existene of a family of loal ubi isometries (sx)x∈M suh that, for all x ∈M ,
x is an isolated xed point of sx (for a 3-symmetri spae, the automorphism s
provides suh a family, moreover the isometries are globally dened).
Then, the requirement that M , the Riemannian 3-symmetri spae, is a
nearly Kähler manifold (whih is more restritive than quasi-Kähler) translates
to a strutural ondition on the homogeneous spae.
Denition 1.9. A redutive Riemannian homogeneous spae is alled naturally
redutive i the salar produt g on m representing the metri satises
∀X,Y, Z ∈ m, g([X,Y ], Z) = −g([X,Z], Y )
Equivalently, the torsion T̂ of the normal onnetion is totally skew-symmetri.
Now, for a 3-symmetri spae, the intrinsi onnetion oinides with the normal
onnetion, by proposition 1.7.
Proposition 1.10. A Riemannian 3-symmetri spae equipped with its anon-
ial almost omplex struture is nearly Kähler if and only if it is naturally re-
dutive.
Remark. Let M = G/H be a ompat, inner 3-symmetri spae suh that G
is ompat, simple. The Killing form B of G is negative denite so it indues
a salar produt q = −B on g. Then, the summand m, assoiated to the eigen-
deomposition of ds = Ad(h), is orthogonal to h and the restrition of q to m
denes a naturally redutive metri that makes M a nearly Kähler manifold.
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2 The ase of S3 × S3: the natural redution to
SU(3)
In [33℄, Ledger and Obata gave a proedure to onstrut a nearly Kähler 3-
symmetri spae for eah ompat Lie group G. The Riemannian produt G×
G×G has an obvious automorphism of order 3, given by the yli permutation,
whose xed point set is the diagonal subgroup ∆G = {(x, x, x) | x ∈ G} ≃ G.
The resulting homogeneous spae is naturally isomorphi to G×G: to x things,
we shall identify (x, y) with [x, y, 1]. In other words, we get a 3-symmetri
struture on G×G, invariant for the ation:
((h1, h2, h3), (x, y)) 7→ (h1xh−13 , h2yh−13 )
Now, let q be an Ad(G)-invariant salar produt on g, representing a biinvariant
metri on G. We hoose, for the Ad(∆G)-invariant omplement of δg (the
Lie algebra of ∆G) in g ⊕ g ⊕ g, m = {0} ⊕ g ⊕ g, the sum of the last two
fators, so that the restrition of q ⊕ q ⊕ q to m denes a naturally redutive
metri g whih is not the biinvariant metri of G × G. Indeed, the vetor
(X,Y ) ∈ g⊕ g ≃ Te(G×G) is identied with (0, Y −X,X) ∈ m so we have the
expliit formula ge((X,Y ), (X
′, Y ′)) = q(Y −X,Y ′ −X ′) + q(X,X ′).
Following this proedure and setting G = SU(2) ≃ S3, we obtain a 6-
dimensional example: S3 × S3. In this setion we will look for nearly Kähler
strutures on S3 × S3 invariant for the smaller group
SU(2)× SU(2) →֒ SU(2)× SU(2)× SU(2)
(h1, h2) 7→ (h1, h2, 1)
or for the left ation of SU(2)×SU(2) on itself. Suh a struture is then simply
given by onstant tensors on the Lie algebra su(2) ⊕ su(2). The latter is a 6-
dimensional vetor spae so, for example, the andidates for the metri belong
to a 21-dimensional spae S2(2su(2)). Thus, the alulations involving the Levi-
Civita onnetion as in denition 1.2 are too hard and we shall look for another
strategy.
Nearly Kähler manifolds in dimension 6 are speial. In partiular they're
always Einstein [25℄ and possess a Killing spinor [27℄. But the most important
feature, for us, is a natural redution to SU(3). Indeed, an SU(3)-struture in
dimension 6, unlike an almost Hermitian struture, may be dened, without the
metri, only by means of dierential forms. This should be ompared to the
fat that a G2-struture is determined by a dierential 3-form on a 7-manifold.
In rst approah, an SU(3)-manifold is an almost Hermitian manifold with
a omplex volume form (a omplex 3-form of type (3,0) and onstant norm)
Ψ. This omplex 3-form an be deomposed into real and imaginary parts:
Ψ = ψ + iφ where
∀X ∈ TM, ιXψ = ιJXφ (7)
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As a onsequene, one of the real 3-forms ψ or φ, together with J , determines
the redution of the manifold to SU(3). Now, for a nearly Kähler manifold,
suh a form is naturally given by the dierential of the Kähler form. Indeed,
beause of our preliminaries, dω has type (3,0)+(0,3) (see denition 1.2) and
onstant norm, sine it is parallel for the metri onnetion ∇.
Denition 2.1. The natural SU(3)-struture of a 6-dimensional nearly Kähler
manifold is dened by
ψ :=
1
3
dω
where ω is the Kähler form.
There is more. Hithin has observed in [31℄ that a dierential 2-form ω and
a dierential 3-form ψ, satisfying algebrai properties, are enough to dene a
redution of the manifold to SU(3). In partiular they determine the metri
g and the almost omplex struture J . Indeed, SU(3) may be seen as the
intersetion of two groups, Sp(3,R) and SL(3,C), whih are themselves the
stabilizers of two exteriors forms on R6. For the sympleti group Sp(3,R), it is
a non-degenerate 2-form of ourse. As for the seond group, GL(6,R) has two
open orbits O1 and O2 on Λ3R6. The stabilizer of the forms in the rst orbit
is SL(3,C). To dene the ation of the latter, we must see R6 as the omplex
vetor spae C3. Consequently, if a dierential 3-form ψ belongs to O1 at eah
point, it determines an almost omplex struture J onM . Then, ω, J determine
g under ertain onditions.
We need to write this expliitly (after [30, 31℄). For ψ ∈ Λ3, we dene
K ∈ End(TM)⊗Λ6 by
K(X) = A(ιXψ ∧ ψ)
where A : Λ5 → TM ⊗Λ6 is the isomorphism indued by the exterior produt.
Then, τ(ψ) = 16 trK
2
is a setion of (Λ6)2 and it an be shown that
K2 = Id⊗ τ(ψ)
The 3-form ψ belongs to O1 at eah point if and only if
τ(ψ) < 0 (8)
Then, for κ =
√
−τ(ψ),
J =
1
κ
K
is an almost omplex struture on M . Moreover, the 2-form ω is of type (1, 1)
with respet to J if and only if
ω ∧ ψ = 0 (9)
Finally, ω has to be non degenerate
ω ∧ ω ∧ ω 6= 0 (10)
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and g has to be positive:
(X,Y ) 7→ g(X,Y ) = ω(X, JY ) > 0 (11)
This is at the algebrai level. At the geometri level, Salamon and Chiossi
[13℄ have shown that the 1-jet of the SU(3)-struture (or the intrinsi torsion)
is ompletely determined by the dierentials of ω, ψ, φ. In partiular, nearly
Kähler manifolds are viewed, in this setion, as SU(3)-manifolds satisfying a rst
order ondition. Thus, they're haraterized by a dierential system involving
these three forms: {
ψ = 3dω
dφ = −2µω ∧ ω (12)
where µ ∈ R. This dierential system was rst written by Reyes Carrión in [38℄.
As a onsequene, looking for a nearly Kähler struture on a manifold is
the same as looking for a pair of forms (ω, ψ) satisfying (8)-(11) together with
(12) or, onsidering the partiular form of (12), for a 2-form ω only, satisfying a
highly non linear seond order dierential equation. We shall resolve this system
on the spae of invariant 2-forms of S3 × S3.
We work with a lass of o-frames (e1, e2, e3, f1, f2, f3), alled yli o-
frames, satisfying:
(i) (e1, e2, e3, f1, f2, f3) is invariant for the ation of SU(2) × SU(2) on itself.
(ii) the 1-forms ei (resp. fi), i = 1, 2, 3 vanish on the tangent spae of the rst
(resp. the seond) fator.
(iii) dei = ei+1 ∧ ei+2 where the subsripts are viewed as elements of Z3. Simi-
larly, dfi = fi+1 ∧ fi+2.
The group of isometries of the sphere S3 ≃ SU(2), equipped with its round
biinvariant metri is SO(4), with isotropy subgroup SO(3). Moreover the
isotropy representation lifts to the adjoint representation of SU(2) ≃ Spin(3).
We denote (u, l) 7→ u.l the ation of SO(3) on the dual su(2)∗ of the Lie algebra.
Then, SO(3)× SO(3) ats transitively on the set of yli o-frames by
(u, v).(e1, e2, e3, f1, f2, f3) 7→ (u.e1, u.e2, u.e3, v.f1, v.f2, v.f3) (13)
In other words, two suh o-frames are exhanged by a dieomorphism of S3×S3
and more preisely by an isometry of the anonial metri.
Now, a generi invariant 2-form may be written in the form
ω =
3∑
i=1
aiei+1 ∧ ei+2 +
3∑
i=1
bifi+1 ∧ fi+2 +
3∑
i,j=1
ci,jei ∧ fj (14)
Let A be the olumn vetor of the ai, B the olumn vetor of the bi and C the
square matrix (ci,j)i,j=1,2,3. The latter is subjet to the following transformation
rule in a hange of yli o-frame (13):
C 7→MCtN, (15)
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where the 3× 3 matries M (resp. N) represent u (resp. v) in the old base.
We have the rst essential simpliation of (14):
Lemma 2.2. Let ω be a non degenerate invariant 2-form on S3×S3. Then, ω,
ψ = 13dω satisfy (9) if and only if there exists a yli o-frame (e1, e2, e3, f1, f2, f3)
suh that
ω = λ1 e1 ∧ f1 + λ2 e2 ∧ f2 + λ3 e3 ∧ f3 (16)
where ∀i = 1, 2, 3, λi ∈ R∗.
Proof. Starting from (14), we alulate ω∧ω∧ω. The 2-form ω is non degenerate
if and only if
tACB + detC 6= 0 (17)
Then, we alulate ψ = 13dω using the relations (iii), in the denition of a
yli o-frame. We nd that ω ∧ ψ = 0 is equivalent to tAC = CB = 0.
Reintroduing these equations in (17), we get detC = 0, i.e. C is nonsingular,
and so A = B = 0.
Seondly, we an always suppose that C is diagonal. Indeed, we write C as
the produt of a symmetri matrix S and an orthogonal matrix O ∈ SO(3). We
diagonalize S: there exists an orthogonal matrix P suh that S = tPDP where
D is diagonal. Thus C = tPD(PO) and by (15), ω an always be written in
the form (16) where D = diag(λ1, λ2, λ3).
This is a key lemma that will onstitute the base of our next alulations.
Lemma 2.3. Let ω be the invariant 2-form given by (16) in a yli o-frame.
Then, ω, ψ = 13dω dene an SU(3) struture on S
3 × S3 if and only if:
(i) (λ1 − λ2 − λ3)(−λ1 + λ2 − λ3)(−λ1 − λ2 + λ3)(λ1 + λ2 + λ3) < 0
(ii) λ1λ2λ3 > 0
Proof. The rst ondition is simply (8). Indeed,
3ψ = λ1(e23 ∧ f1 − e1 ∧ f23) + λ2(e31 ∧ f2 − e2 ∧ f31) + λ3(e12 ∧ f3 − e3 ∧ f12)
and we alulate
81τ(ψ) = (λ41 + λ
4
2 + λ
4
3 − 2λ21λ22 − 2λ22λ23 − 2λ21λ23)⊗ vol2 (18)
where vol = e123 ∧ f123. Now, the polynomial of degree 4 on the λi in (18)
fators into (i) of lemma 2.3.
The seond ondition omes from the positivity of the metri. Note that
the produt λ1λ2λ3 = detC is independent on the hoie of the o-frame
(e1, e2, e3, f1, f2, f3), the determinant of the matries M , N , in (15), being
equal to 1. First, we ompute the almost omplex struture in the dual frame
(X1, X2, X3, Y1, Y2, Y3):
JXi = αiXi + βiYi, JYi = −βiXi − αiYi (19)
where
αi =
1
k
(λ2i − λ2i+1 − λ2i+2) and βi = −
2
k
λi+1λi+2
11
9κ = k vol
Now, X 7→ ω(X, JX) is the sum of three quadrati forms of degree 2:
qi : (xi, yi) 7→ 2λi
k
(
λi+1λi+2x
2
i − (λ2i − λ2i+1 − λ2i+2)xiyi + λi+1λi+2y2i
)
The disriminant of these forms is k2 > 0 so they are denite and their sign is
given by λ1λ2λ3.
Using (19) it is easy to ompute φ, by (7), and translate the seond line of
(12) into a system of equations on the λi. We refer to [8℄ for a detailed proof.
Lemma 2.4. Let ω be the invariant 2-form given by (16) in a yli o-frame.
Then ω, ψ = 13dω indue a nearly Kähler struture on S
3 × S3 if and only if
there exists µ ∈ R suh that, for all i = 1, 2, 3,
c = λ2i (λ
2
i − λ2i+1 − λ2i+2) (20)
where
c = −2µk detC.
Finally we an onlude:
Proposition 2.5. There exists a unique (up to homothety, up to a sign) left-
invariant nearly Kähler struture on S3 × S3, orresponding to Ledger and
Obata's onstrution of a 3-symmetri spae.
Proof. Thanks to the preparatory work, we only need to solve the system (20)
of equations of degree 4 on the λi. Let Λ = λ
2
1 + λ
2
2 + λ
2
3. For all i = 1, 2, 3, λ
2
i
is a solution of the unique equation of degree 2:
2x2 − Λx− c = 0 (21)
Suppose that λ21, λ
2
2 are two distint solutions of (21) and λ
2
3 = λ
2
2, for example.
The sum of the roots λ21+λ
2
2 equals
Λ
2
. But then, we also have Λ = λ21+2λ
2
2, by
denition of Λ. We immediatly get λ1 = 0, i.e. ω is degenerate, a ontradition.
Thus, the λi must be equal, up to a sign. The positivity of the metri, (11) or
2.3 (ii), implies that the three signs are positive, or only one of them. These
two solutions are in fat the same: one is obtained from the other by a rotation
of angle π in the rst fator. Finally, one an always write ω, for a left-invariant
nearly Kähler struture,
ω = λ(e1 ∧ f1 + e2 ∧ f2 + e3 ∧ f3)
where λ = λ1 = λ2 = λ3 ∈ R+∗.
We also have k = λ2
√
3,
JXi =
1
λ2
√
3
(−Xi + 2Yi), JYi = 1
λ2
√
3
(−2Xi + Yi). (22)
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Now, (22) oinides with the anonial almost omplex struture of SU(2) ×
SU(2)×SU(2)/∆SU(2). Indeed, the automorphism of order 3, s : (h1, h2, h3) 7→
(h2, h3, h1), indues the endomorphism S : (X,Y ) 7→ (Y − X,−X) on m ≃
su(2)⊕ su(2). Then, by (5), J is identied with
J : (X,Y ) 7→ 1√
3
(2Y −X,−2X + Y )
This is no more than (22) with λ = 1 for an appropriate hoie of base.
NB : c = 2µλ5
√
3 so by (20), µ =
1
2λ
√
3
is inversely proportional to the norm
of ω.
3 Twistors spaes: the omplex projetive spae
CP 3 and the ag manifold F3
The twistor spae Z of a 4-dimensional, Riemannian, oriented manifold (N, h) is
equipped with two natural almost omplex strutures. The rst, J+, studied by
Atiyah, Hithin and Singer [2℄, is integrable as soon as N is self-dual, i.e one half
of the Weyl tensor of h vanishes, while the seond J−, whih was rst onsidered
by Salamon and Eels in [16℄, is never integrable. Now, on Z, varying the salar
urvature of the bre, there are also a 1-parameter family of metris (gt)t∈]0,+∞[
suh that the twistor bration over (N, h) is a Riemannian submersion and for
all t, (gt, J±) is an almost Hermitian struture on Z. A natural problem is then
to look at the type of this almost Hermitian struture. We are partiularly
interested in the ase where N is ompat, self-dual and Einstein.
Theorem 3.1 (Hithin, Eels & Salamon). Let (N, h) be a ompat, Rieman-
nian, oriented, self-dual, Einstein 4-manifold, Z its twistor spae and (gt)t∈[0,+∞[,
the twistor metris. There exists a hoie of parameter suh that the salar ur-
vature of the bre of π : Z → N is proportionnal to t and
(i) (Z, g2, J+) is Kähler
(ii) (Z, g1, J−) is nearly Kähler.
This provides us for two ompat, homogeneous, nearly Kähler strutures in
dimension 6 on the omplex projetive spae CP 3 and the ag manifold F3, the
twistor spaes of S4 and CP 2, respetively. Moreover, we shall see that they
orrespond to a 3-symmetri struture. The goal of this setion is to prove that
these are the only invariant nearly Kähler strutures on the above mentioned
spaes.
This is quite easy for CP 3. The omplex projetive spae is seen, in this
ontext, as Sp(2)/U(1)Sp(1). More generally, CP 2q+1 is isomorphi to Sp(q +
1)/U(1)Sp(q). Indeed, Sp(q + 1) ats transitively on C2q+2 ≃ Hq+1, preserving
the omplex lines, and the isotropy subgroup at x ∈ CP 2q+1 xes also jx and
ats on the orthogonal of {x, jx}, identied with Hq, as Sp(q). Representing
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sp(q) as usual in the set of q×q matries, the embedding of h = u(1)⊕sp(1), the
Lie algebra of H = U(1)Sp(1), in g = sp(2) is given by the omposition of the
natural maps u(1) →֒ sp(1) and the identity of sp(1), followed by the diagonal
map sp(1) ⊕ sp(1) →֒ sp(2). Thus, a natural hoie of omplement of h in g is
m = p⊕ v where
p = {
(
0 a
a∗ 0
)
| a ∈ H} and v = {
(
b 0
0 0
)
| b = jx+ ky, x, y ∈ R}
These two subsets are Ad(H)-invariant so their sum is too and m may be iden-
tied with the isotropy representation of Sp(2)/U(1)Sp(1). The restrition of
Ad(H) to p is irreduible beause the indued representation of Sp(1) is isomor-
phi to the standard one on H. Similarly, the restrition of Ad(H) to v indues
the standard representation of U(1) on C. As a onsequene, m has exatly two
irreduible summands and the set of invariant metris on CP 3 has dimension 2.
Moreover, we an gain one degree of freedom by working "up to homothety".
Finally, we get a 1-parameter family of metris whih may be identied with
(gt)t∈[0,+∞[. On the other hand, CP 3 has 22 = 4 invariant almost omplex
strutures aording to [45℄, theorem 4.3: ±J+ and ±J−. Thus, we are in the
hypothesis of Muskarov's work [34℄. The onlusion is, as in proposition 3.1,
Proposition 3.2. The homogeneous spae CP 3 ≃ Sp(2)/U(1)Sp(1) has a
unique  up to homotethy, up to a sign  invariant nearly Kähler struture
(g1, J−), assoiated to the twistor bration of S4.
Things are more ompliated for F3 beause the isotropy representation has
three irreduible summands. We ould adapt Muskarov's proof [34℄ for this ase,
as was done in [8℄, alulating ∇J for all g with Levi-Civita onnetion ∇ in
the 3-dimensional spae of invariants metris, and all invariant almost omplex
struture J , or we an look more arefully at the struture of F3, as we will do
now.
The ag manifold is the spae of pairs (l, p) where p ⊂ C3 is a omplex plane
and l ⊂ p is a omplex line. It is isomorphi to G/H where G = U(3) and
H = S1 × S1 × S1. Indeed, we see U(3) as the spae of unitary bases of C3.
Then, the map (u1, u2, u3) 7→ (l, p) where l = Cu1 and p = Cu1 ⊕ Cu2, is an
H-prinipal bundle over F3 with total spae G.
Now, the maps πa : (l, p) 7→ Cua, a = 1, 2, 3 are well-dened (beause
Cu1 = l ; Cu2 = l
⊥
is the orthogonal line of l in p and nally Cu3 = p
⊥
is the
orthogonal of p) and give three dierent CP 1-brations from F3 to CP 2 (or,
if we identify the base spaes, three dierent realizations of F3 as an almost
omplex submanifold of Z, the twistor spae of CP 2). This has the following
geometrial interpretation: on the bre of π3, l varies inside p ; on the bre of
π1, it is the plane p that varies around the line l ; nally, on the bre of π2,
both l and p vary while l⊥ is xed. These brations are all twistor brations
over an Einstein self-dual 4-manifold. Let I+, J+, K+ and I−, J−, K− be the
assoiated almost omplex strutures, as in proposition 3.1. What is remarkable
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is that the Kählerian strutures are all distint but the non-integrable nearly
Kähler strutures oïnide: I− = J− = K−. This observation was already made
by Salamon in [40℄, setion 6. We shall prove this at the innitesimal level. As
a onsequene, the four above almost omplex strutures, and their opposites,
exhaust all the 8 = 23 invariant almost omplex strutures on F3 ≃ U(3)/(S1)3.
Let g = u(3) be the set of the trae-free, anti-Hermitian, 3 × 3 matries.
Then, h = 3u(1) is identied with the subgroup of the diagonal matries and the
set m of the matries with zeros on the diagonal is an obvious Ad(H)-invariant
omplement of h in g. Denote
〈a, b, c〉 =

 0 −a ba 0 −c
−b c 0


for all a, b, c ∈ C.
∀h =

 eir 0 00 eis 0
0 0 eit

 ∈ H, Adh〈a, b, c〉 = 〈ei(s−t)a, ei(t−r)b, ei(r−s)c〉 (23)
It is easily seen on (23) that the isotropy representation deomposes into
m = p⊕ q⊕ r (24)
where
p = {〈a, 0, 0〉 | a ∈ C}
q = {〈0, b, 0〉 | b ∈ C}
r = {〈0, 0, c〉 | c ∈ C}
Eah of these 2-dimensional subspaes, a, has a natural salar produt ga
and a natural omplex struture Ja. For example, on p,
gp(〈a, 0, 0〉, 〈a′, 0, 0〉) = Re(aa′) and Jp〈a, 0, 0〉 = 〈ia, 0, 0〉
Moreover, we denote by p+⊕ p− the deomposition of pC assoiated to Jp (and
similarly for q, r). The relations between the three subspaes p, q and r are
given by the Lie brakets:
[〈a, 0, 0〉, 〈0, b, 0〉] = 〈0, 0, ab〉, et. (25)
and
[〈a, 0, 0〉, 〈a′, 0, 0〉] = diag (iy,−iy, 0) ∈ h, where y = 2Im(aa′), et. (26)
From (25) and (26), it is easy to alulate
[p+, q+] ⊂ r−, [p+, r−] ⊂ q+ and [p+, p+] = {0}, et.
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Thus, p+⊕q+⊕r− is a subalgebra of mC, orresponding to an invariant omplex
struture on F3: K+. In the same way, I+, J+ are represented by p
−⊕ q+⊕ r+,
p+ ⊕ q− ⊕ r+, respetively. On the ontrary, m+ = p+ ⊕ q+ ⊕ r+ is not a
subalgebra. However, it satises (6) with m− = m+ = p− ⊕ q− ⊕ r−. Thus,
F
3
is a 3-symmetri spae with m+ as anonial almost omplex struture. By
proposition 1.7, eah pair (g,±J−), where g is a generi invariant metri,
g = rgp + sgq + tgr,
is a (2,1)-sympleti homogeneous struture on F3. Moreover, sine I+, J+, K+
are integrable, every invariant (stritly) nearly Kähler struture on F3 has that
form, where g is naturally redutive (see proposition 1.10). It is not hard to see
that this orresponds to r = s = t.
Proposition 3.3. The nearly Kähler strutures assoiated to the three natural
twistor brations over CP 2 on F3 ≃ U(3)/(S1)3 oinide. Moreover, every
invariant nearly Kähler struture on F3 is proportional to this one (or to its
opposite).
Remark. The deomposition (24) is still the irreduible deomposition for SU(3)
⊂ U(3), so the results remain valid for this smaller group of isometries. This
observation will be useful in setion 5.
4 Weak holonomy and speial holonomy: the ase
of the sphere S
6
While S3×S3 is onsidered the hardest ase beause the isotropy is redued to
{0}, the ase of S6 is apparently the easiest beause the isotropy is maximal,
H = SU(3). The isotropy representation is the standard representation of
SU(3) in dimension 6, in partiular it is irreduible so there exists only one
metri up to homothety and also one almost omplex struture up to a sign
preserved by H . However, a diulty ours sine on S6 unlike on the other
spaes onsidered in setions 2 or 3, the metri doesn't determine the almost
omplex struture:
Proposition 4.1. Let (M, g) be a omplete Riemannian manifold of dimension
6, not isomorphi to the round sphere. If there exists an almost omplex stru-
ture J on M suh that (M, g, J) is nearly Kähler (non Kählerian) then it is
unique. Moreover, in this ase, J is invariant by the isometry group of g.
This an be proved using the spinors (by [27℄, a 6-dimensional Riemannian
manifold admits a nearly Kähler struture if and only if it arries a real Killing
spinor): see [8℄ proposition 2.4 and the referene therein [5℄, proposition 1, p126,
or by a "one argument" (see below) as in [43℄, proposition 4.7.
On the ontrary, on the sphere S6 equipped with its round metri g0, there
exist innitely many ompatible nearly Kähler strutures:
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Proposition 4.2. The set J of almost omplex strutures J suh that (S6, g0, J)
is nearly Kähler, is isomorphi to SO(7)/G2 ≃ RP 7.
Corollary 4.3. Nearly Kähler strutures ompatible with the anonial metri
on S6  or almost omplex strutures J ∈ J , are all onjugated by the isometry
group SO(7) of g0.
To show this, we shall use a theorem of Bär [4℄: the Riemannian one of a
nearly Kähler manifold has holonomy ontained in G2. However, in order to
remain faithful to the point of view of dierential forms adopted in this artile
we prefer the presentation by Hithin [31℄ of this fat. Aording to setion 2,
a nearly Kähler struture is determined by a pair of dierential forms (ω, ψ)
satisfying (12) as well as algebrai onditions (8)-(11). Moreover there exists,
around eah point, an orthonormal o-frame (e1, . . . , e6) suh that
ω = e12 + e34 + e56
and ψ = e135 − e146 − e236 − e245,
where e12 = e1 ∧ e2, e135 = e1 ∧ e3 ∧ e5, et. Now, the one of (M, g) is the
Riemannian manifold (M, g) where M = M × R+ and g = r2g + dr2 in the
oordinates (x, r). We dene a setion ρ of Λ3M by
ρ = r2dr ∧ ω + r3ψ (27)
Let u0 = dr and for all i = 1, . . . , 6, ui =
1
r
ei.
ρ = u012 + u034 + u056 + u135 − u146 − u236 − u245
Thus, ρ is a generi 3-form, induing a G2-struture on the 7-manifold M suh
that (u0, . . . , u6) is an orthonormal o-frame for the underlying Riemannian
struture i.e. g is the metri determined by ρ, given the inlusion of G2 in
SO(7). Moreover, if we denote by ∗ the Hodge dual of g,
∗ρ = −r3dr ∧ φ+ µ
2
r4ω ∧ ω
Then, (12) implies {
dρ = 0
d ∗ ρ = 0
By Gray, Fernandez [18℄, the last ouple of equations is equivalent to ∇gρ = 0,
where ∇g is the Levi-Civita onnetion of g. In other words, the holonomy of
(M, g) is ontained in G2.
Reiproally, a parallel, generi 3-form on M an always be written (27)
where (ω, ψ) dene a nearly Kähler SU(3)-struture on M .
We are now ready to prove proposition 4.2.
Proof. The Riemannian one of the 6-sphere is the Eulidean spae R
7
. A-
ording to what preedes, nearly Kähler struture on S6, ompatible with g0,
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dene a parallel or equivalently, a onstant 3-form on R7. This form must
have the appropriate algebrai type, i.e. be an element of the open orbit
O ≃ GL(7,R)/G2 ⊂ Λ3R7. But it must also indue the good metri (the
one metri) on R7. Finally the 3-forms that parametrize J belong to a subset
of O, isomorphi to SO(7)/G2.
The homogeneous nearly Kähler struture on S6 is dened using the oto-
nions. The otonian produt (x, y) 7→ x.y may be desribed in the following
way. First, the 8-dimensional real vetor spae O deomposes into R⊕ ℑ. The
subspae ℑ ≃ R7 is alled the spae of imaginary otonions and equipped, for
our purposes, with an inner produt (x, y) 7→ 〈x, y〉. Seondly, rules (i) to (iv)
below are satised with respet to this deomposition:
(i) 1.1 = 1,
(ii) for all x ∈ ℑ, 1.x = x,
(iii) for all imaginary quaternion x of norm 1, x.x = −1,
(iv) nally, for all orthogonal x, y ∈ ℑ, x.y = P (x, y) where P : R7 × R7 →
R7 is the 2-fold vetor ross produt. The latter satises himself (x, y, z) 7→
〈P (x, y), z〉 is a 3-form. In partiular P (x, y) is orthogonal to x, y.
Now, let S6 be the unit sphere in ℑ ≃ R7. The tangent spae at x ∈ S6 is
identied with the subspae of R
7
orthogonal to x. Then, J is dened by
Jx : TxM → TxM
y 7→ x.y
This is a well dened almost omplex struture beause x.y is orthogonal to x
by rule number (iv) and J2 = −Id by rules (ii), (iii). Moreover J is ompatible
with the metri indued by 〈., .〉 on S6 (the round metri g0).
Reiproally, starting from J ∈ J , we may rebuild an otonian produt on
R7 by bilinearity. Then J is invariant for the assoiated group of automorphisms,
isomorphi to G2. Consequently, all nearly Kähler strutures on the round
sphere are of the same kind (homogeneous). They orrespond to dierent hoies
of embeddings of G2 into the group of isometries of (S
6, g0). These embeddings
are parametrized by SO(7)/G2 ≃ RP (7) thus the above disussion gives an
alternative proof of proposition 4.2.
The same question was raised by Friedrih in [20℄. His proof is very similar
to our rst one though it uses the Hodge Laplaian instead of the dierential
system (12). Moreover, another proof is mentioned, that uses the Killing spinors.
Finally, a third or fth way of looking at this is the following: eah SU(3)-
struture (ωx, ψx) on a tangent spae TxS
6
, x ∈ S6, may be extended in a
unique way to a nearly Kähler struture on the whole manifold. Let ρ be the
onstant 3-form on R
7
whose value at (x, 1) is
ρ(x,1) = dr ∧ ωx + ψx
Then, ρ is parallel for the Levi-Civita onnetion of the at metri and in return,
ω = ι∂rρ, ψ =
1
3dω determine a nearly Kähler struture on S
6
whose values at x
oinide with ωx, ψx, onsistent with our notations. Now, SU(3)-strutures on a
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6-dimensional vetor spae are parametrized by SO(6)/SU(3) so this onstitutes
a (dierential) geometri proof of the isomorphism
SO(6)
SU(3)
≃ SO(7)
G2
≃ RP (7) ≃ J
5 Classiation of 3-symmetri spaes and proof
of the theorems
In this setion, we draw all the useful onlusions of the fats gathered in the
previous setions about nearly Kähler manifolds and synthesize all the results
to ahieve the proof of theorems 1 and 2.
As suh, the onjeture of Gray and Wolf is not easy to settle beause the
notion of a nearly Kähler manifold, or even of a 3-symmetri spae, are too rih.
Indeed, the lassiation of 3-symmetri spaes [45℄ disriminates between three
types, that orrespond to quite dierent geometries:
A. The rst type onsists in twistor spaes of symmetri spaes. Indeed, the
situation desribed in the beginning of setion 3 has a wider appliation
than the 6-dimensional twistor spaes of Einstein self-dual 4-manifolds.
First, the study of quaternion-Kähler manifolds, i.e. Riemannian mani-
folds whose holonomy is ontained in Sp(q)Sp(1), provides an analog of
that situation in dimension 4q, q ≥ 2. Suh manifolds still admit a twistor
spae Z →M with bre CP 1 and two almost omplex strutures J+ and
J− related by
J+|V = −J−|V , J+|H = J−|H ,
where V is the vertial distribution, tangent to the bres, and H is the
horizontal distribution of the Levi-Civita onnetion of the base, suh that
the rst one is always integrable (see for example [39℄) while the seond,
J−, is non-integrable. Moreover, for a positive quaternion-Kähler mani-
fold, there exist two natural metris g1, g2 suh that (g2, J+) is a Kählerian
struture and (g1, J−) is a nearly Kähler struture on Z (ompare with
proposition 3.1). This inludes the twistor spaes of the Wolf spaes: the
ompat, symmetri, quaternion-Kähler manifolds. Now, this onstru-
tion an be extended to a larger lass of inner symmetri spaes G/K
(see [40℄). The total spae G/H is a generalized ag manifold (i.e. H is
the entralizer of a torus in G) and a 3-symmetri spae. In partiular
H ontains a maximal torus of G (or has maximal rank) but it is not a
maximal subgroup sine the inlusion H ⊂ K is strit.
B. The 3-symmetri spaes of the seond type are those studied by Wolf [44℄,
theorem 8.10.9, p280. They're haraterized by H being the onneted
entralizer of an element of order 3. Thus, H is not the entralizer of a
torus anymore. However it still has maximal rank, i.e. the 3-symmetri
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spae is inner, and is furthermore maximal (for an expliit desription,
using the extended Dynkin diagram of h, see [44℄, [45℄ or [10℄).
C. Finally, the 3-symmetri spaes of the third type have rankH < rankG.
Equivalently M is an outer 3-symmetri spae. This inludes two exep-
tional spaes  Spin(8)/G2 and Spin(8)/SU(3)  and the innite family
G×G×G/G of setion 2.
This division, whih was obtained in [45℄ by algebrai means (or group the-
ory) has a profound geometrial interpretation. Indeed, the three lasses an be
haraterized by the type of the isotropy representation :
A. In the rst ase, the vertial distribution V and the horizontal distribution
H of G/H → G/K are invariant by the left ation of G. Moreover, by
denition of the natural almost omplex strutures, they are stable by
J±. Thus, the isotropy representation is omplex reduible (we identify
J− with the multipliation by i on the tangent spaes).
B. The exeptionnal spaes that onstitute the seond lass of 3-symmetri
spaes are known to be isotropy irreduible. Moreover, by [44℄ orollary
8.13.5, these are the only non-symmetri isotropy irreduible homogeneous
spaes G/H suh that H has maximal rank.
C. Finally, for the spaes of type C, the isotropy representation is reduible
but not omplex reduible. Let J be the anonial almost omplex stru-
ture of G/H , viewed as a onstant tensor on m. There exists an invariant
subset n suh that m deomposes into n⊕ Jn. This situation is alled real
reduible by Nagy [36℄.
Remark. The dimension 6 is already representative of Gray and Wolf 's las-
siation. Indeed, we have already seen that CP 3 and F3 are the twistor spaes
of S4 and CP 2, respetively. Seondly, the sphere S6 ≃ G2/SU(3) is isotropy
irreduible (see setion 4). And thirdly, S3×S3 belongs to the innite family of
lass C.
Now, for a general nearly Kähler manifold, we an't look at the isotropy
representation anymore. However we must remember proposition 1.7 that the
normal onnetion oinides with the intrinsi onnetion, for a 3-symmetri
spae and so the isotropy representation is equivalent to the holonomy represen-
tation of ∇. The question beomes, then, what an we say about the geometry
of a nearly Kähler manifold whose holonomy is respetively: omplex reduible,
irreduible or real reduible ?
a. Belgun and Moroianu, arrying out a program of Reyes Carrión [38℄, p57
(espeially proposition 4.24), have shown, in [6℄, that the holonomy of a
6-dimensional nearly Kähler manifold M is omplex reduible (or equiv-
alently the holonomy group of ∇ is ontained in U(2) ⊂ SU(3)) if and
only if M is the twistor spae of a positive self-dual Einstein 4-manifold.
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Thus, by the result of Hithin [30℄, the only ompat, simply onneted,
omplex reduible, nearly Kähler manifolds, in dimension 6 are CP 3 and
F3. P.A. Nagy generalized this result in higher dimensions. Let M be a
omplete, irreduible (in the Riemannian sense) nearly Kähler manifold
of dimension 2n, n ≥ 4, suh that the holonomy representation of ∇ is
omplex reduible. Then, M is the twistor spae of a quaternion Kähler
manifold or of a loally symmetri spae.
b. The irreduible ase relates to weak holonomy. Cleyton and Swann [14, 15℄
have shown an analog of Berger's theorem on speial holonomies [7℄ for
the speial geometries with torsion. By this we mean G-manifolds, or real
manifolds of dimensionm, equipped with aG-struture, G ⊂ SO(m), suh
that the Levi-Civita onnetion of the underlying metri struture is not
a G-onnetion, or equivalently the torsion η of the intrinsi onnetion
is not identially zero. More preisely they made the hypothesis that
M , or the holonomy representation of ∇, are irreduible and that η is
totally skew-symmetri and parallel (the last ondition is automatially
satised for a nearly Kähler manifold by proposition 1.3). Then, M is (i)
a homogeneous spae or (ii) a manifold with weak holonomy SU(3) or G2.
The rst ase in (ii) orresponds exatly to the 6-dimensional irreduible
nearly Kähler manifolds while the seond is otherwise alled nearly parallel
G2. Moreover, the geometry of the homogeneous spaes in (i) may be
speied. Indeed, the proof onsists in showing that the urvature of
the intrinsi onnetion is also parallel. Then, ∇ is an Ambrose-Singer
onnetion. This reminds us of theorem 1.8. Finally, irreduible nearly
Kähler manifolds are (i) 3-symmetri of type B or (ii) 6-dimensional.
. Eventually, Nagy has proved in [36℄, orollary 3.1, that the omplete,
simply onneted, real reduible, nearly Kähler manifolds are 3-symmetri
of type C.
He summarized his results in a partial lassiation theorem ([36℄, theorem
1.1): let M be a omplete, simply onneted, (stritly) nearly Kähler manifold.
Then, M is an almost Hermitian produt of the following spaes:
• 3-symmetri spaes of type A, B or C
• twistor spaes of non loally symmetri, quaternion-Kähler manifolds
• 6-dimensional irreduible nearly Kähler manifolds
If we suppose furthermore that the manifold is homogeneous, then there re-
mains only 3-symmetri spaes and 6-dimensional, nearly Kähler, homogeneous
manifolds. As a onsequene, onjeture 1 is redued to dimension 6.
Now, the proof of the onjeture in dimension 6 has two parts. Firstly,
we must show that the only homogeneous spaes G/H admitting an invariant
nearly Kähler struture are those onsidered in setions 2, 3, 4.
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Lemma 5.1. Let (G/H, g, J) be a 6-dimensional almost Hermitian homoge-
neous spae, suh that the almost Hermitian struture (g, J) is nearly Kähler.
Then, the Lie algebras of G, H are given at one entry of the following table.
Moreover, if G/H is simply onneted it is isomorphi to the spae at the end
of the line.
dim h h g
0 {0} su(2)⊕ su(2) S3 × S3
1 iR iR⊕ su(2)⊕ su(2) S3 × S3
2 iR⊕ iR iR⊕ iR⊕ su(2)⊕ su(2) S3 × S3
iR⊕ iR su(3) F3
3 su(2) su(2)⊕ su(2)⊕ su(2) S3 × S3
4 iR⊕ su(2) iR⊕ su(2)⊕ su(2)⊕ su(2) S3 × S3
iR⊕ su(2) sp(2) CP 3
8 su(3) g2 S
6
(28)
Proof. By a result of Nagy [35℄, the Rii tensor of a nearly Kähler manifold M
is positive (in dimension 6, this a onsequene of Gray's theorem in [25℄ that
M is Einstein, with positive salar urvature). Then, by Myer's theorem, M
is ompat with nite fundamental group and the universal over M˜ of M is
a nearly Kähler manifold of the same dimension. Moreover, if M ≃ G/H is
homogeneous, M˜ is isomorphi to G˜/H˜ where the groups G, G˜ and H , H˜ have
the same Lie algebras. Consequently, we shall work with M˜ instead of M .
For an homogeneous spae, we have the following homotopy sequene:
· · · → π2(G/H)→ π1(H)→ π1(G)→ π1(G/H)→ H/H0 → 0 (29)
If the manifold is simply onneted, this provides us for a surjetive automor-
phism ϕ, from the fundamental group of H to the fundamental group of G. We
shall look only at the onsequenes at the Lie algebra level (i.e. at the S1 or iR
fators and not at the nite quotients).
The seond feature we use is the natural redution to SU(3) dened in setion
2. If g and J or ω are invariant for the left ation of G, then, so is ψ = dω.
As a onsequene, the isotropy group H is a subgroup of SU(3). This leaves
the following possibilities for h: {0}, u(1), 2u(1), su(2), u(2) = su(2)⊕ u(1) and
su(3). Next, to nd g, we use the fat that the dierene between the dimensions
of the two algebras is 6, the dimension of the manifold, and the existene of ϕ
above. The latter allows us to eliminate the following : g = su(2) ⊕ 3u(1) or
6u(1) for h = {0} and g = su(3)⊕ u(1) for h = su(2). Table (28) is a list of the
remaining ases.
Now, h ats as a subgroup of su(3) on the 6-dimensional spae m. Using
this, we determine the isotropy representation and the embedding of H into G.
In partiular we show, when g = h ⊕ su(2) ⊕ su(2), that G/H is isomorphi
to S3 × S3 and G ontains SU(2) × SU(2) ating on the left. So the nearly
Kähler strutures arising from these ases will always indue a left-invariant
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nearly Kähler struture on S3 × S3 ≃ SU(2) × SU(2). Thus, we need only to
onsider this more general situation. This was done in setion 2.
Now, theorem 1 is a onsequene of lemma 5.1 and propositions 2.5, 3.2, 3.3
and orollary 4.3.
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